Some remarks on Euclidean tight designs  by Hirao, Masatake et al.
Journal of Combinatorial Theory, Series A 118 (2011) 634–640Contents lists available at ScienceDirect
Journal of Combinatorial Theory,
Series A
www.elsevier.com/locate/jcta
Some remarks on Euclidean tight designs
Masatake Hirao, Masanori Sawa, Yuanyuan Zhou
Graduate School of Information Science, Nagoya University, Japan
a r t i c l e i n f o a b s t r a c t
Article history:
Received 30 November 2009
Available online 26 March 2010
Keywords:
Coherent conﬁguration
Euclidean design
Tightness
Weyl group of type B
In this paper we present a new 4-dimensional tight Euclidean 5-
design on 3 concentric spheres, together with a list of all known
tight Euclidean designs which has been updated since the last
survey paper by Bannai and Bannai (2009) [6]. We also examine
whether each of all known tight Euclidean designs has the struc-
ture of a coherent conﬁguration.
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1. Introduction
Given positive integers n and t , a classical problem in algebraic combinatorics is to ﬁnd a system
of a ﬁnite subset X in the multidimensional Euclidean space Rn and a weight function ω on X such
that
∑
r∈R
∑
x∈X∩Sr ω(x)∫
Sr
dσr(x)
∫
Sr
f (x)dσr(x) =
∑
x∈X
ω(x) f (x) (1)
holds for every polynomial f of degree at most t over Rn , where R is the set of the ordinary Eu-
clidean norms of X and σr is the surface measure on each concentric sphere Sr with radius r [16].
With |R| = p, this system is called an n-dimensional Euclidean t-design on p concentric spheres. In
particular, a Euclidean design with R = {1} and ω(x) ≡ 1 is called a spherical t-design.
Euclidean designs always exist if the designs have large enough points [17,18]. Thus we are inter-
ested in Euclidean designs with smaller number of points. It is well known [9,13] that the number of
points X in an n-dimensional Euclidean t-design on p concentric spheres is bounded from below as
follows:
E-mail address: hirao@math.cm.is.nagoya-u.ac.jp (M. Hirao).0097-3165/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2010.03.012
M. Hirao et al. / Journal of Combinatorial Theory, Series A 118 (2011) 634–640 635|X |
p∑
k=1
((t/2 + n − 2k + 1
n − 1
)
+
((t − 1)/2 + n − 2k + 1
n − 1
))
. (2)
A Euclidean t-design on p concentric spheres is said to be tight if it attains the bound (2). In the
2-dimensional case, inﬁnitely many tight Euclidean t-designs have been already found for t and p
[1,9]. However, in higher-dimensional cases (n 3), little is known on the existence of tight Euclidean
designs even for small values of t and p, though many researchers have tried this problem [2–5,16].
In this paper we present a 4-dimensional tight Euclidean 5-design on 3 concentric spheres whose
existence was previously unknown. As far as the authors know, this is the ﬁrst and the only known
example of tight Euclidean t-designs with 0 /∈ X , t  4, n  4 and p  3. All known tight Euclidean
designs are listed in Table 1 with 0 /∈ X, t  4, n  3 and p  2, which has been updated since the
last survey paper by Bannai and Bannai [6]. We also examine whether our new design and a tight
design constructed by Bajnok [2], which seem to be the known tight Euclidean designs with t  4,
n 3 and p  3, have a certain algebraic structure called coherent conﬁguration.
2. New example
The set of all transpositions of coordinates in Rn forms a ﬁnite group H , called the Weyl group
of type An−1, n  2. Let σ be the involution on Rn deﬁned by xσ = −x and G be the semidirect
product of H and 〈σ 〉. Then it is obvious that G is a subgroup of the Weyl group of type Bn , say
W (Bn), and so the order of G is 2 · n!. For x ∈Rn we denote by OrbG(x) the orbit of x under G , that
is, OrbG(x) = {xτ | τ ∈ G}.
Theorem 2.1. There exists a 4-dimensional tight Euclidean 5-design (X,ω) on 3 concentric spheres which has
the form∑
x∈X
ω(x) f (x) = z6
∑
x∈OrbG ((z1,z1,z1,z1))
f (x) + z7
∑
x∈OrbG ((z2,z2,z2,z3))
f (x)
+ z8
∑
x∈OrbG ((z4,z4,z5,z5))
f (x), (3)
where z1, . . . , z8 are positive real numbers such that
2z21 − 3z22 > 0, −3z2 = z3, z4 =
(
√
2− 1)z1z2√
2z21 − 3z22
,
z5 = − (
√
2+ 1)z1z2√
2z21 − 3z22
, z6 = 3z
4
2
4(7z41 − 18z21z22 + 15z42)
,
z7 = z
4
1
8(7z41 − 18z21z22 + 15z42)
, z8 = (2z
2
1 − 3z22)2
8(7z41 − 18z21z22 + 15z42)
.
Proof. The result follows by checking that Eq. (1) holds for any f ∈ {1, x2i , xix j, x4i , x3i x j, x2i x2j , x2i x jxk,
x1x2x3x4}. 
We close this section by presenting a list of all known tight Euclidean designs with 0 /∈ X , t  4,
n 3, p  2 in Table 1. “CC” means whether the design has the structure of a coherent conﬁguration;
we will explain the deﬁnition and the details of a coherent conﬁguration in Section 3. “Source” means
source information on the existence of tight Euclidean designs for given t,n, p. We emphasize that
Nos. 5, 9 are the only known examples of tight Euclidean designs with 0 /∈ X , t  4, n  3, p  3. In
particular, No. 5 is the ﬁrst example of tight Euclidean designs with 0 /∈ X , t  4, n 4, p  3.
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Multidimensional tight Euclidean designs with 0 /∈ X , t 4, n 3, p 2.
No. t n p CC Source
1 4 4 2 Yes [4]
2 4 5 2 Yes [4]
3 4 6 2 Yes [4]
4 5 3 2 Yes [3]
5 5 4 3 No Theorem 2.1
6 5 5 2 Yes [3]
No. t n p CC Source
7 5 6 2 Yes [3]
8 6 22 2 Yes [8]
9 7 3 3 Yes [2]
10 7 4 2 Yes [2]
11 7 7 2 Yes [9]
3. Coherent conﬁguration
Higman [14] introduced the concept of coherent conﬁguration by abstracting combinatorial struc-
ture from permutation groups which are not necessarily transitive. Let X be a ﬁnite set and R1, . . . , Rq
be subsets of X × X . We say (X, {Ri}1iq) is a coherent conﬁguration if the following conditions are
satisﬁed:
(i) X × X =⋃qi=1 Ri is a partition.
(ii) There exists some 1 s q such that {(x, x) | x ∈ X} =⋃si=1 Ri .
(iii) There exists some 1 i′  q such that t Ri = Ri′ , 1 i  q, where t Ri = {(x, y) | (y, x) ∈ Ri}.
(iv) For given Rk , |{z ∈ X | (x, z) ∈ Ri, (z, y) ∈ R j}| takes a constant on every (x, y) ∈ Rk .
In particular, a coherent conﬁguration with s = 1 in (ii) is called an association scheme [10,11].
We denote the ordinary inner product between x and y in Rn by 〈x, y〉. Let (X,ω) be a Euclidean
t-design on p concentric spheres Sr1 , . . . , Srp . For given λ,μ with 1 λ, μ p, let
Aλ,μ =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
{ 〈x,y〉rλrμ | x ∈ X ∩ Srλ , y ∈ X ∩ Srμ, x = y} = {α
(u)
λ,μ | u = 1, . . . , sλ,μ}
if λ = μ,
{ 〈x,y〉
r2λ
| x, y ∈ X ∩ Srλ} = {α(u)λ,λ | u = 0,1, . . . , sλ,λ}
if λ = μ,
where α(0)λ,λ = 1. For each α(u)λ,μ ∈ Aλ,μ , u = 1− δλ,μ, . . . , sλ,μ , let
Rλ,μ,u =
{
(x, y) ∈ (X ∩ Srλ ) × (X ∩ Srμ)
∣∣∣ 〈x, y〉
rλrμ
= α(u)λ,μ
}
,
where δλ,μ means the Kronecker delta. For each (x, y) ∈ Rλ,μ,u , we let
p
(
α
(v)
λ,ν ,α
(w)
ν,μ, x, y
)= ∣∣{z ∈ X ∩ Srν ∣∣ (x, z) ∈ Rλ,ν,v , (z, y) ∈ Rν,μ,w}∣∣.
We say X has the structure of a coherent conﬁguration if it satisﬁes the condition:
(	) for each 1  λ,ν,μ  p and 1 − δλ,μ  u  sλ,μ , 1 − δλ,ν  v  sλ,ν , 1 − δν,μ  w  sν,μ ,
p(α(v)λ,ν ,α
(w)
ν,μ, x, y) is a constant which is independent of the choice of (x, y) ∈ Rλ,μ,u .
We note that the condition (	) corresponds to (iv) above.
Delsarte et al. [12] showed that if t  2s1,1 − 2 and X is the set of points in a spherical t-design,
then (X, {R1,1,u}0us1,1 ) has the structure of an association scheme. Recently, Bannai and Bannai [7]
extended the result by Delsarte et al. to Euclidean designs with p  2, as the following theorem
shows:
Theorem 3.1. (See [7, Theorem 1.4].) Let (X,ω) be a Euclidean t-design on p concentric spheres with 0 /∈ X.
Assume that ω(x) ≡ ω j for every x ∈ X ∩ Sr j , 1 j  p. Moreover we assume that for any 1 λ,μ,ν  p,
one of the following conditions is satisﬁed:
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(ii) −x ∈ X for each x ∈ X, and sλ,ν + sν,μ − δλ,ν − δν,μ  t − 2(p − 2).
Then X has the structure of a coherent conﬁguration.
We note that for given λ,μ,ν , the inequality of (i) or (ii) implies that p(α(v)λ,ν , α
(w)
ν,μ, x, y) is a
constant which is independent of the choice of (x, y) ∈ Rλ,μ,u ; see [7] for the details. We also give
the reader notice that the original statement of Theorem 3.1 by Bannai and Bannai does not assume
0 /∈ X .
A natural question is whether all known tight Euclidean designs in Table 1 have the structure of a
coherent conﬁguration. By virtue of Theorem 3.1, we can see that any tight Euclidean t-design on 2
concentric spheres has the structure of a coherent conﬁguration; see [7, Theorem 1.5]. It thus remains
to investigate the designs Nos. 5 and 9 in Table 1.
Theorem 3.2.
(i) The design No. 5 does not have the structure of a coherent conﬁguration.
(ii) The design No. 9 has the structure of a coherent conﬁguration.
Proof. (i) With the same notations as in Theorem 2.1, let ξ1 = (−z4,−z4,−z5,−z5), ξ2 = (−z4,−z5,
−z4,−z5), ξ3 = (z5, z5, z4, z4) ∈ OrbG((z4, z4, z5, z5)). Then we have 〈ξ1, ξ2〉/‖ξ1‖2 = 〈ξ1, ξ3〉/
‖ξ1‖2 = 1/3, and∣∣∣∣
{
η ∈ OrbG
(
(z2, z2, z2, z3)
) ∣∣∣ 〈ξ1, η〉‖ξ1‖‖η‖ =
√
2
3
,
〈η, ξ2〉
‖η‖‖ξ2‖ =
√
2
3
}∣∣∣∣= 2,∣∣∣∣
{
η ∈ OrbG
(
(z2, z2, z2, z3)
) ∣∣∣ 〈ξ1, η〉‖ξ1‖‖η‖ =
√
2
3
,
〈η, ξ3〉
‖η‖‖ξ3‖ =
√
2
3
}∣∣∣∣= 4,
which implies the assertion.
(ii) It is known [2, Corollary 9] that the design No. 9 is of the form∑
x∈X
ω(x) f (x) = y4
∑
x∈OrbW (B3)((y1,0,0))
f (x) + y5
∑
x∈OrbW (B3)((y2,y2,0))
f (x)
+ y6
∑
x∈OrbW (B3)((y3,y3,y3))
f (x),
where y1, . . . , y6 are some positive real numbers such that
y2 =
√
3y21 + 2ρ2
10
· y1
ρ
, y3 =
√
3y21 + 2ρ2
15
,
y5 = 100ρ
6 y4
(3y21 + 2ρ2)3
, y6 = 675y
6
1 y4
8(3y21 + 2ρ2)3
, ρ > 0.
Let X ∩ Sr1 = OrbW (B3)((y1,0,0)), X ∩ Sr2 = OrbW (B3)((y2, y2,0)), X ∩ Sr3 = OrbW (B3)((y3, y3, y3)).
Then by Theorem 3.1, it suﬃces to show that p(α(v)λ,ν ,α
(w)
ν,μ, x, y) is a constant which is independ-
ent of the choice of (x, y) ∈ Rλ,μ,u for each (λ, ν,μ) ∈ {1,2,3}3 such that sλ,ν + sν,μ − δλ,ν −
δν,μ > 5. That is, we may consider the following cases: (λ, ν,μ) = (1,2,1), (1,2,2), (1,2,3),
(2,1,2), (2,2,2), (2,3,2), (3,2,2), (3,2,3). In each case, by directly computing p(α(v)λ,ν ,α
(w)
ν,μ, x, y),
we can show the assertion; see Appendix A for the details of computation. 
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with 3 orbits, and so a coherent conﬁguration is naturally associated with the design; for example,
see [15]. We emphasize that our design does not have the structure of a coherent conﬁguration when
deﬁning relations by the ordinary angle between two points. On the other hand, Theorem 3.2(i) can
also be shown by noting that the orbit OrbG((z4, z4, z5, z5)) does not have the structure of a (com-
mutative) association scheme when the relations are deﬁned by the ordinary angle between points.
4. Concluding remarks
(i) Bajnok [2] showed that a union of generalized regular hyperoctahedra in Rn forms Euclidean
3-, 5- and 7-designs. A generalized regular hyperoctahedron in Rn is the orbit of
∑k
i=1 ei under
W (Bn), where e1, . . . , en are the standard basis vectors in Rn . The Bajnok’s method is algebraically
interesting, but in most cases Euclidean designs obtained from his method could have large num-
ber of points, since the order of W is very large (i.e., 2n · n!). To overcome this problem, we
focused on the subgroup G of W in Theorem 2.1. It is also noted that each point of the Euclidean
design in Theorem 2.1 is the linear combination of a generalized regular hyperoctahedron and its
complement. This is a simple generalization of the concept of a generalized regular hyperoctahe-
dron. We hope that the present approach will be formulated so as to obtain more tight Euclidean
designs.
(ii) As far as the authors know, the design No. 5 is the ﬁrst and the only known example of tight
Euclidean designs with 0 /∈ X , t  4, n  4 and p  3. Among all known tight Euclidean designs,
including the two-dimensional designs by Bajnok [1], this design is the only known example
which does not have the structure of a coherent conﬁguration. From the algebraic viewpoint, it
might be interesting to ﬁnd some algebraic concept which characterizes all tight Euclidean de-
signs including our new design. Finally we emphasize that our new design does not have the
structure of a coherent conﬁguration when deﬁning relations by the ordinary angle between
points. It is noted that the group G acts on the points in the design as an intransitive permutation
group and hence a coherent conﬁguration is associated naturally.
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Appendix A. Computation of p(α(v)λ,ν,α
(w)
ν,μ, x, y) of the design No. 9
We use the same notations as in Section 3. In the proof of Theorem 3.2(ii), we have to show
that p(α(v)λ,ν ,α
(w)
ν,μ, x, y) is a constant which is independent of the choice of (x, y) ∈ Rλ,μ,u for each
(λ, ν,μ) = (1,2,1), (1,2,2), (1,2,3), (2,1,2), (2,2,2), (2,3,2), (3,2,2), (3,2,3).
First, we consider the case (λ, ν,μ) = (1,2,1). Let X ∩ Sr1 = {ξ1, . . . , ξ6}, where
ξ1 = (0,0,−y1), ξ2 = (0,0, y1), ξ3 = (0,−y1,0),
ξ4 = (0, y1,0), ξ5 = (−y1,0,0), ξ6 = (y1,0,0)
and X ∩ Sr2 = {η1, . . . , η12}, where
η1 = (0,−y2,−y2), η2 = (0,−y2, y2), η3 = (0, y2,−y2), η4 = (0, y2, y2),
η5 = (−y2,0,−y2), η6 = (−y2,0, y2), η7 = (−y2,−y2,0), η8 = (−y2, y2,0),
η9 = (y2,0,−y2), η10 = (y2,0, y2), η11 = (y2,−y2,0), η12 = (y2, y2,0).
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(ξ1, ξ2) (ξ2, ξ1) (ξ3, ξ4) (ξ4, ξ3) (ξ5, ξ6) (ξ6, ξ5)
η1 (
1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) (0,0) (0,0)
η2 (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) (0,0) (0,0)
η3 (
1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
) (0,0) (0,0)
η4 (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
) (0,0) (0,0)
η5 (
1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) (0,0) (0,0) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
)
η6 (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) (0,0) (0,0) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
)
η7 (0,0) (0,0) ( 1√2 ,−
1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
)
η8 (0,0) (0,0) (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
)
η9 (
1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) (0,0) (0,0) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
)
η10 (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) (0,0) (0,0) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
)
η11 (0,0) (0,0) ( 1√2 ,−
1√
2
) (− 1√
2
, 1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
)
η12 (0,0) (0,0) (− 1√2 ,
1√
2
) ( 1√
2
,− 1√
2
) (− 1√
2
, 1√
2
) ( 1√
2
,− 1√
2
)
We denote the elements of A1,1, A1,2, A2,1 by
α
(0)
1,1 = 1, α(1)1,1 = 0, α(2)1,1 = −1,
α
(1)
1,2 =
1√
2
, α
(2)
1,2 = 0, α(3)1,2 = −
1√
2
,
α
(1)
2,1 =
1√
2
, α
(2)
2,1 = 0, α(3)2,1 = −
1√
2
.
For example, we will check that p(α(v)1,2,α
(w)
2,1 , x, y) is a constant which is independent of the choice
of (x, y) ∈ R1,1,2 = {(x, y) ∈ (X ∩ Sr1) × (X ∩ Sr1 ) | 〈x, y〉/r21 = α(2)1,1}. For this purpose, we list up the
pairs (〈ηi, ξ j〉, 〈ξk, ηi〉) in Table A.1.
As is easily checked in Table A.1, each of ( 1√
2
,− 1√
2
), (0,0), (− 1√
2
, 1√
2
) appears four times in every
column. That is, it holds that p(α(1)1,2,α
(3)
2,1, ξi, ξ j) = p(α(2)1,2,α(2)2,1, ξi, ξ j) = p(α(3)1,2,α(1)2,1, ξi, ξ j) = 4 for any
(ξi, ξ j) ∈ R1,1,2. Similarly, we can check that p(α(v)1,2,α(w)2,1 , x, y) is a constant which is independent of
the choice of (x, y) ∈ R1,1,0 or (x, y) ∈ R1,1,1, respectively.
Similarly, for the remaining seven cases of (λ, ν,μ), we can check that p(α(v)λ,ν ,α
(w)
ν,μ, x, y) is a
constant which is independent of the choice of (x, y) ∈ Rλ,μ,u .
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